We propose a scheme to perform a Non-Clifford gate on a logical qudit encoded in a pair of ZN parafermionic zero modes via the Aharonov Casher effect. This gate can be implemented by moving a half fluxon around the pair of parafermionic zero modes that can be realized in a two-dimensional set-up via existing proposals. The half fluxon can be created as a part of half fluxon/anti-half fluxon pair in long Josephson junction with chiral superconductors and then moved around the parafermionic zero modes. Supplementing this gate with braiding of parafermions provides the avenue for universal quantum computing with parafermions.
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Introduction.-Gottesman-Knill theorem [1] states that quantum gates from the Clifford group can be efficiently simulated on a classical computer. Thus, in order to access the full computational power of quantum computers, one needs to go beyond the Clifford gates. In fact, one needs just a single Non-Clifford gate [2] in order to densely generate the universal set of quantum gates. In the past decade and more, there has been substantial interest in topological quantum computation (TQC) scheme [3] ; quantum information is stored in the non-local Hilbert space spanned by the so-called nonAbelian anyons that can emerge in topological phases of matter, and manipulated via quantum gates generated by braiding of anyons. Examples of non-Abelian excitations include Ising anyons or Majorana zero modes (MZMs) [4] [5] [6] [7] [8] [9] , their generalizations called parafermions (PFs) [10] [11] [12] [13] [14] or even more exotic anyons called Fibonacci anyons [15] . Braiding of MZMs or PFs can provide only the gates in the Clifford group. While braiding of Fibonacci anyons can provide the universal set of gates, their experimental realizations remain a major challenge [15] [16] [17] [18] [19] . On the other hand, experimental signatures for MZMs have been reported [20] [21] [22] and proposals for braiding and error-correction [23, 24] are underway. In place of physical braiding, one can perform measurementbased braiding [25] [26] [27] [28] i.e. effective braiding via topological charge measurements with a possible assistance from software [29, 30] for improved efficiency.
Topologically-protected parafermionic (PF) zero modes can be engineered as extrinsic defects in "conventional" Abelian topological phases [31] , e.g. superconducting trenches in fractional quantum Hall (FQH) systems [10] , edge domain walls in fractional topological insulator [12] , lattice defects [14, 32, 33] , or genons in bilayer FQH systems [13, 34] . One important difference between PFs and MZMs is that because a pair of PFs have a composite topological charge, e.g. fractions of 2e electric charge in superconducting FQH setup, the associated qudit is immune to conventional quasiparticle poisoning which adds an integer charge, a multiple of e to the system. This is unlike the systems for MZMs, which suffer from quasiparticle poisoning [35] [36] [37] [38] [39] . Thus, if fractional quasiparticle poisoning is suppressed, PFs would hold an advantage over MZMs for the Clifford gates done via charge measurements. But still, like MZMs, gates based on braiding or topological charge measurements of PF modes, fall in the Clifford group [40] .
A key question for MZM/PF based TQC is the implementation of a non-Clifford gate in order to have a universal gate set. For MZMs, there have been several proposals to implement the simplest qubit non-Clifford gate that belongs to the third level of Clifford heirarchy [41] , the π 8 gate, via magic state distillations [42] , tuning interactions between MZMs [3, 43] , interferometry [44] and universal geometric phase engineering [45] . For parafermions, the question is largely unexplored. It still remains an outstanding question to find a resource-efficient and robust protocol to implement a non-Clifford gate.
Qudit versions of the qubit non-Clifford gate like π 8 gate have been proposed [41] and performance of magic state distillation protocols has been studied [2, 46] . In this work, we propose a robust method to implement a nonClifford gate on a logical qudit encoded in parafermions via the Aharanov-Casher (AC) effect. Implementation of single-qubit unitary rotations for Majorana qubits using the AC effect has been discussed [47, 48] . In [49] , the current-phase relation for a Josephson junction made of spin-triplet superconductors has been calculated. We show that for such a Josephson junction, a half-fluxon (HF) is a solution for the order parameter phase difference across the junction. Braiding the HF around a pair of PF modes, with the encoded qudit's logical operator denoted by Z, implements a non-Clifford gate for qudit dimension N > 2. We investigate the HF solution for an annular spin-triplet Josephson junction, HF/AHF pair creation in presence of a localized defect potential and calculate the bias current threshold for moving the half-fluxon. A pair configuration of localized HF (LHF) and free AHF (FAHF) is considered. A bias current pulse which ensures that the free AHF completes a single loop around the annular Josephson junction is constructed. Lastly, we discuss the robustness of the HF/AHF pair configuration and of the steps used in the implementation of the gate via the AC effect. 
Here, ⊕ is addition modulo N , ω = e i2π N , and j labels the computational basis. Clifford group for m qudits is defined as
as it preserves the Pauli group under conjugation. We define U HF in the N -dimensional computational basis as a particular choice of the square root of Z N
Here, HF denotes the half-fluxon since we will use a halffluxon to implement this gate. Conjugation of
[50] by U HF gives
which doesn't lie in the single qudit Pauli group for all N > 2(We excluded N = 2 because RHS of 3 reduces to σ y ∈ P 1 2 ). Therefore, U HF is a Non-Clifford gate for N > 2.
U HF gate via braiding of half fluxon around parafermion pair.-Moving a half quantum flux around a pair of Z N parafermions (here, Z N refers to the symmetry group associated with the parafermion pair whose charge can take values in Z N ) effectively implements a U HF gate. For example, an arbitrary initial charge state superposition of the paired region before half fluxon braiding can be written as
where the fractional charge state |q Φ is the state of FQH edges in the pairing region due to the proximity effect from an s-wave superconductor, and can be expressed as |q Φ = n∈Z e iΦn |q + 2en . We also indicate explicitly that the states depend on the s-wave superconductor's order parameter phase Φ. If we braid a half quantum flux h 4e around the parafermion pair with composite charge q, there will be a gain of AC phase φ AC = π q 2e on the fractional charge states {|q }. As HF winds around the pairing region, the order parameter phase defined above also changes by π due to the AC effect [51] . The state after braiding can be written as
where the phase Φ has shifted by π and the system now lies in an orthogonal state manifold. Similarly, braiding HF in the reverse direction implements the unitary U −1 HF , which in addition, shifts the order parameter phase of the s-wave superconductor by −π. As shown in Fig.1 , the non-Clifford operation can be achieved by inserting between the two HF braidings in opposite directions, a particular brading operation, U B . Even though the order parameter phase changes by π after the first HF braiding, it is restored back to its original value after the second HF braiding. Hence, the combined evolution preserves the ground state manifold, the action on which can be denoted as
which is a non-Clifford operation (for N > 2). The braiding operation U B works for the orthogonal manifold just like the ground manifold because the operator content of the zero mode operators, in terms of which the braiding operation is defined, remains the same if the fields in the pairing and insulating region are still perfectly pinned (i.e. the quasiparticle tunneling between the parafermion modes is suppressed because of the gap in the insulating region.) For a logical qudit composed of 4 parafermions with fixed parity and the qudit state defined by parity of first two parafermions γ 1 and γ 2 , the operation U B can be chosen to be the braiding of parafermions γ 2 and γ 3 . The rate of relaxation from the orthogonal manifold, due to the order parameter phase change after the first HF braiding, is proportional to the Josephson coupling E J between the superconducting islands which we assume is tunable. We assume that we can perform the parafermion braiding and second HF braiding at a timescale much smaller than E J −1 . In the following, we discuss how to create a half-fluxon that can be braided around a parafermion pair.
Semi-classical quasi-static half-fluxon solution in spintriplet Josephson junction.-The spin-triplet superconductors are described by an order parameter matrix in spin space [52] written in terms of a unit vector in spin space,d on which the projection of Cooper pair spin is zero [53] . The full symmetry group involving spin and orbital rotation symmetries and global gauge symmetry is given by G 1 = SO(3) × SO(3) × U(1) while the residual symmetry group of the spin-triplet p x + ip y state as described in [52, 54] is given by G 2 = U(1) × U(1) × Z 2 . For this symmetry group where the first U(1) describes the spin-rotation symmetry aboutd, the Hamiltonian for a conventional JJ [55, 56] can be generalized to the spintriplet case as where x is the coordinate along the length of the JJ, n σ is the number charge density for spin σ and α σ (t) is the time dependent bias charge density for spin σ. Θ ↑ = φ−θ and Θ ↓ = φ + θ are the order parameter phases "seen" by the up and down spins with φ as the common order parameter phase. Last two terms are Josephson energy contributions from up and down spin sectors. Taking equal spin contribution from bias current, α ↑ = α ↓ = α 2 and c n ↑ = c n ↓ = 2c n , the Hamiltonian can be written in terms of φ and θ as
where n = n ↑ + n ↓ is the total number charge density, π θ = n ↑ − n ↓ is the spin density, c φ = c ↑↑ + c ↓↓ + c ↑↓ , c θ = c ↑↑ + c ↓↓ − c ↑↓ and c θφ = 2 (c ↓↓ − c ↑↑ ). To look for a rigid solution such as a half fluxon solution where both φ and θ jump by π in a small spatial width, we put φ ≈ θ and get the equations of motion as
andθ
wherec θ = c θ +c θφ ,c φ = c φ +c θφ and J = 2J ↑ . Under the quasistatic approximation and writing the dimensionless bias current asσ J = γ qs , we get . The first equation is consistent with the current-phase relation as derived in [49] , that is, I = I c cos θ sin φ with I c as the critical current. For r = 1 and γ qs = 0, we get analytical solutions for half fluxons θ(x) = φ(x) = 2 arctan(e −x ). For small deviations from r = 1 i.e. for small c ↑↓ , we have carried out a perturbative analysis [51] as well as solved the equations numerically and find that a solution with a jump of π still exists and hence, is robust around r = 1.
Set-up design with defect potential to create HF/AHF pair.-We use the set-up as described in [57] but with the spin-triplet JJ instead of the conventional JJ. In this set-up, in addition to the bias current considered earlier, we have an extra defect potential due to an injected localized dipole current as shown in Fig. 2a . From now, we replacex by x for simplicity. The potential due to this current dipole or defect located near x = 0 is given by
which in the limit of a → 0 becomes V (x) = −εδ (x). Such an interaction was studied in [58] where the defect represented an Abrikosov vortex crossing the long Josephson junction. Here, a =
and ε = 2κa where D is the spacing between injection and collection leads, I is the injection current and λ J is the Josephson penetration depth. For θ ≈ φ which is valid for half fluxon solution, the quasi-static form of the Hamiltonian density which has the quasi-static equations of motion (i.e. eqs. (10) and (11) if V (x) = 0) can be written as
Using the boundary conditions for φ and θ, we get a finite (no) jump ε in φ (θ) at the location of the dipole defect.
For an annular JJ, the periodic boundary condition for the above quasi-static Hamiltonian is
where x = 0 is the location of the defect and φ(x = −0) is the value of φ just before the defect's location. By denoting φ(x = −0) as simply φ, we get
Varying γ w.r.t. both θ and φ gives the threshold bias current [51] ,
above which there is no static solution and the HF starts moving. A dipole defect can facilitate fluxon-antifluxon pair creation [57, 59] for conventional JJ. In the case of spintriplet JJ, we introduce the defect to facilitate creation of HF/AHF pair such that HF remains localized at the defect while AHF can move around. Once the pair is created, the AHF should loop once around the JJ such that the requisite non-Clifford gate is achieved. We discuss the model and the pair creation rate for such a configuration in detail in [51] . Since the under-barrier pair creation probability is exponentially small, subsequent pair creation is suppressed. In order to achieve the gate operation, we design a bias current pulse using the collective coordinate picture [55] as follows. In the collective coordinate picture, AHF is treated as a rigid body whose shape does not change under time evolution or as it moves across the junction under the application of bias current. Puttingσ J = γ in Eq. (8), assuming a rigid solution
x is identified as the mass of HF. This can be interpreted as the equation of motion of AHF of mass M with collective coordinate X(t), using which we can devise a bias current pulse γ(t) such that AHF goes around the junction once and comes to a stop. As shown in Sec I in [51] , a possible bias current pulse satisfying the boundary conditions is
where T is the time for AHF to complete the loop. In order to move the AHF at t = 0, we choose T and Ω such that γ(0, T ) > γ qs,th . The HF-AHF interaction has been ignored in designing this pulse, but in principle it can be taken into account and the required pulse can be found numerically.
Combining Parafermionic set-up with half-fluxon setup.-In order to braid HF around the PF pair, one needs to combine a set-up containing the PF defects with the device supporting HF solution. In Fig. 2b , we show a schematic of a HF setup and it's superposition with the FQH based set-up having parafermionic defects [10] . HF goes through the insulators and is sufficiently far from the superconductor so that the associated flux is not screened by it. We assume that the superconductors are connected by a tunable junction that can be weakened when the HF moves across the junction. There is a strong magnetic field used in the FQH based setup perpendicular to the combined setup. Spin-orbit coupling in triplet superconductors favors alignment of the unit vector on which Cooper pair spin projection is zero,d and the Cooper pair angular momentuml. But in the presence of a strong magnetic field, it is neutralized [60] and the d-vector is confined to the plane perpendicular to the magnetic field [54, 61] . The variation of both φ and θ along the length of the junction is allowed and we assume that the half-fluxon solution described by φ → φ + π and θ → θ + π remains a valid solution.
Robustness of the non-Clifford gate.-We now analyze the requirements to perform the steps needed for the non-Clifford gate U HF robustly. We need a HF-AHF pair to be created such that HF is localized and AHF is free to move (or vice-versa). The robustness of this configuration needs to be checked with respect to a) subsequent pair generation or configuration with more number of pairs and b) configuration where both HF and AHF are moving. In Sec. E of [51] , we show that with a single localized defect potential, pair configuration with LHF/FAHF or FHF/LAHF [62] can be made energetically more favorable than a configuration with single FHF/FAHF pair or two pairs. And, depending on the sign and strength of ε, we can get LHF/FAHF or FHF/LAHF as the favorable configuration. In Sec. D of [51] , we calculate the under-barrier tunnel creation rates for these pair config- , where I conf is the pair creation rate for a given configuration whose Euclidean action is given by S conf E . Pair creation rates go down exponentially with number of pairs and separation between the Euclidean action for single pair versus double pair increases with defect strength. Thus, for zero bias current, we can have a LHF/FAHF pair configuration which is stable to other pair configurations as well as further pair creation. Next, we need to move the FAHF with the application of a bias current such that HF still remains pinned at the defect location. To move the AHF, as shown before, a threshold value of the bias current needs to be applied. Energetically, we would need to satisfy E LHF,F AHF < E F HF,F AHF for a given value of bias current above the threshold.
As shown in Fig.3 , for a given threshold bias current, positive or negative there is a range of values of the defect strength where the energy of the pair configuration {LHF,FAHF} is lower than {FHF,FAHF} configuration. There is an overlapping range of values of the defect strength that satisfies the required energy condition for bias currents other than the threshold bias current [51] . Hence, an optimum defect strength can be chosen such that the designed bias current pulse doesn't violate the robustness discussed. The time T for the AHF to complete the loop can be chosen such that it is large enough to not cause quantum mechanical energy fluctuations.
Conclusion and Discussions.-We proposed a nonClifford gate for Parafermions using Aharonov-Casher effect. Moving a half-fluxon around a parafermion pair implements the U HF gate which is non-Clifford for qudit dimension N > 2. In a spin-triplet Josephson junction with a dipole defect, half-fluxon can be created and moved around. Combining such a junction with parafermionic defects can implement the non-Clifford gate robustly via half-fluxon braiding. This proposal can be combined with recent work on parafermion box [63] for a universal gate set where the Clifford gates are measurement-based. While we have focused on half-fluxons in spin-triplet superconductors to develop a proof-of-principle scheme, the key ingredient, namely the existence of a stable vortex with fractional flux, may appear in other types of systems, for example, unconventional superconductors intertwined with spatial order [64, 65] . By braiding a quantized fractional flux of a quarter fluxon i.e. h 8e around a MZM pair, one can also implement the non-Clifford gate T = Z 1 4 on the corresponding logical qubit with logical operator Z. Thus, extension of anyon models with quantized fractional fluxons provides robust universality and a general study of such extensions is left for future work. 
